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Abstract

This paper addressesthe problem of acquiring realistic visual models of the
shape and appearanceof complex three-dimensional (3D) scenesfrom collec-
tions of images,a processdubbed 3D photagraphy. We focuson three instances
of this problem: (1) the image-basedconstruction of projective visual hulls
of complex surfacesfrom weakly-calibrated photographs; (2) the automated
matching and registration of photographs of textured surfacesusing atne-
invariant patches and their geometric relationships; and (3) an approac to
projective motion analysisand self-calibration explicitly accourting for natural
cameraconstraints suc aszeroskew and capableof handling large numbers of
imagesin an excient and uniform manner. We alsobrie°y discusssomerelat-
ed applications of oriented di®ererial projective geometryto computer vision
problems, including the determination of the ordering of rim segmets in pro-
jective visual hull computation, and a purely projective proof of Koenderink's
famous characterization of the local shape of visual cortours.

1 Intro duction

Recern advancesin motion analysisand image-basednodeling and rendering have led to
a cornvergencebetweencomputer vision and computer graphics,and, to a limited exten,
to the industrial deploymert of this technology: For example,the Fasade[24] approadh to
ervironmental modeling deweloped at UC Berkeley hasbeenusedin producing\The Ma-
trix"; the virtualized-reality technology deweloped at Carnegie-MellonUniversity [53] has
beenusedto enhancethe broadcastof the 2000edition of the Superbowl! with Matrix-lik e
e®ectsand computer vision techniquesare now routinely usedin Im production. Se\er-
al key ingredierts are still missing, howeer, before 3D photograpty ful lls its potential
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in Tm, game,and Web-corient production, TV advertising and sport-evert broadcast-
s, electronic commerce teleconferencinghuman-computerinteraction, and architectural
and archaeologicalwalkthroughs. Truly °exible modeling ervironmerts, capable of ac-
quiring realistic models of dynamic scenesunder generalillumination patterns without
cumbersomedevicesfor geometricand photometric calibration must be deweloped.

The output of today's approadiesto structure from motion (SFM) is essetially an
unstructured cloud of geometric features sud as points or lines [28, 32, 46, 117. This
is appropriate for rendering scenemodels from a limited set of viewpoints (near-frontal
views where the Delaunay triangulation of an image's featuresare usedto construct a
surfacemesh[94]) but not for 360° viewing. In addition, current SFM techniques may
fail on surfaceswith little or no texture, and they are limited by their computational
coastto relatively small numbers of imagesand features[12(. On the other hand, 3D
photography methods using asinput a small set of registered pictures output polyhedral
and/or volumetric models that are appropriate for rendering [22, 53, 58 76, 77, 109
1232, but they require carefully setting up and calibrating the cameras,and they fail to
record ne surfacedetail when changesbetween successig viewpoints are too large for
correlation-basedstereo [25, 35, 54, 86] to be e®ectiwe. Neither classof approadesis
particularly appropriate for modeling articulated or deformableobjects.

We focusin the rest of this paper on three instancesof the 3D photograply problem:
[1] the image-basedconstruction of topological mesh models of complex surfacesfrom
weakly-calibrated photographs(Section 2); [2] the automated matching and registration
of photographsof textured surfacestaken from very di®eren viewpoints (Section3); and
[3] the dewelopmert of projective and Euclidean structure-from-motion techniquescapa-
ble of handling large numbers of imagesin an excient and uniform manner (Section4).
The proposedapproad is basedon seeral key ideas,including: [a] a novel image-based
represemation of object shape, topology and photometry in terms of projective visual
hulls [63, 659); [b] a novel represetation for rigid and articulated textured surfacesin
terms of atne-invariant patchesand their spatial relationships[99]; and [c] an excient,
provably-corvergen approad to projective SFM and self-calibrationexplicitly accourting
for natural cameraconstrains sud as zero skew [75, 95]. Our practical goal is to inte-
grate theseideasinto a system capableof acquiring realistic visual models of rigid and
articulated objects from photographsand video sequence@ corrolled (blue screen)and
uncortrolled (natural) ervironments. From a more theoretical point of view, our work
on projective visual hulls has also led us to investigate the role of oriented di®eential
projective geometry [60, 107 in computer vision and computer graphics. We will brie°y
discusspreliminary resultsin Section2.
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1.1 Related Work

A number of methods are available for constructing polyhedral meshesand deformable
surfacedrom rangeimages[12, 22,31, 115 114 1232, the main challengein this casebeing
to fuse and register data extracted from multiple images[8, 50, 123. Parametric object
modelsde ned in terms of superquadrics[3, 38, 90], algebraicsurfaceg55, 110 111, 113,

and asserblies of simple volumetric primitives[17, 24] can be constructed from range
imagesor registered photographs. Stereo pairs or triples of imagescan also be used
to acquire polyhedral object models. In this cortext, the main dixcult y is to establish
corresppndencesbetween pictures: Feature-basedechniques|[2, 37, 88] and correlation-
basedapproades[25, 54, 35, 86] work well when the separationbetweenthe camerasis
small. The wide-baselinecaseis more dizcult [96], but prior shape modelscan help: For
example,the Fasadesystemof Debevecet al. [24] usesan approat|dubb ed stereo from
shap from now on|where the large disparities correspnding to grosssurfacestructure
areessetially zeroedby intersectingthe visual rays from an o®setimagewith the model's
surface,then projecting the intersectionsinto arefereneimage. The remainingdisparities
typically correspndto the ne structure of the obsenedsceneallowing onceagainthe use
of correlation techniques. Various types of local viewpoint invariants have also recerly

been proposedto establish correspndencesin wide-baselinestereo[80, 113 123. We
will revisit those as well as stereofrom shape in latter parts of this paper. When the
input pictures are registered,an alternative to corvertional stereopsiss to delineatethe
outline of the object of interest in ead image, and usethe registeredimage cortours to

reconstruct an appraximation of its surface,known asthe visual hull [61] and formed by
intersecting the viewing conesformed by the rays passingthrough the optical certers of
the camerasand the correspnding image silhouettes. Algorithms for constructing visual
hulls from imagesdate bad to the mid-70sand Baumgart's PhD thesis[5], and variants
include [18, 76, 77, 85, 104. We have usedthe fact that the viewing conesshould be
tangert to the surfaceto construct smooth surfacemodels from visual hulls in [109; an
alternative that doesnot require full cameracalibration will be proposedin Section2 (see
[76, 77] for related work). The space-arving approad proposedby Kutulak os and Seitz
[58) is related to both stereoand visual-hull algorithms, and it usesregisteredphotographs
to construct discretevolumetric models, whoseboundary voxelsrecord color information.

When cortinuous image sequencesre available, other techniques can be used as well
[10, 15, 16, 21, 52, 109 125. In the absenceof registration information, SFM techniques
[27, 44] estimate both the shape of the obsened object and the motion of the camera
observingit. Popular approatesinclude the axne factorization method of Tomasiand
Kanade[117 and the projective reconstructiontechniquespioneeredby Faugerag28] and
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Hartley et al. [46]. The latter typically rely on the multilinear constrains assaiated with
the fundamentalmatrix [71, 130 or the trifocal tensor [42, 103]to reconstructthe scene
up to a projective transformation (seealso[74, 109 for projective factorization methods
that will be discussedin more detail later in this paper). This reconstruction is then
re ned using bundle adjustmert [12( before being upgradedto a Euclidean onevia self
calibration [30, 78, 93, 121] using prior knowledge of cameraparameterssud as image
certer or focal length. Fitzgibbon and Zisserman[32] and Pollefeyset al. [94] descrike
completesystemscapableof automatically acquiring Euclideanmodelsof complexnatural
scenes.

The techniquesdiscusseduntil now construct an explicit 3D object model from images.
Recernt work has demonstratedthe possibility of synthesizing new views of 3D scenes
without 3D reconstruction, a processdubbed image-tasel rendering [79]. Gortler et al.
[36] and Levoy and Hanrahan [66] have usedthe fact that the set of all visual rays (light
“eld) is four-dimensionalto asserble new imagesfrom radiance information collected
from a two-dimensionalsampleof imagesof a scene(seealso[14, 104 for methods using
mosaicsto generatenovel images). In cortrast, the techniquesproposedby Laveau and
Faugeras[62], Seitz and Dyer [103, Kutulak os and Vallino [59] and Avidan and Shaslua
[1] rely on feature correspndencesestablishedacrossa discrete and usually small set of
views. They are related to the problem of transferin photogrammetry: Given the image
positionsof tie points in a setof referencamagesand in a newimage,and giventhe image
positions of a ground point in the referenceimages,predict the position of that point in
the new image [4]. In the projective case,Laveau and Faugeras[62] have proposedto
“rst estimate the fundamertal matrix assaiated with ead pair of referenceviews, then
reproject the scenepoints into a new image by specifying the position of the new optical
certer in two referencemagesand the position of four referencepoints in the newimage!
Once the feature points have beenreprojected, realistic rendering is achieved using ray
tracing and texture mapping. Related methods have beenproposedby various authorsin
the atne and projective caseq1, 59, 104. Their main drawbad is that the synthesized
imagesare in general separatedfrom the \correct" onesby arbitrary planar atne or
projective transformations. The methods proposedby Avidan and Shaslua [1] and Genc
and Ponce[34] overcomethis ditcult y by taking into accour the constrains assaiated
with calibrated camerasfrom the start.

We have focusedin this sectionon the geometricaspects of 3D photograply. It should

INotably, this work involvesthe Tst explicit use of oriented projective geometry [107] in computer
vision, allowing the distinction betweenpoints that are in front of a camera, and those that are behind
(seealso [43]). We will comebad to oriented projective geometry in Section 2, where it will play a
fundamental role in the construction of projective visual hulls.
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be noted that a number of approadesto the construction of accurate photometric scene
models have also been proposed. Theseinclude methods for viewpoint-dependert tex-
ture mapping [24, 76, 77, 97], and techniquesfor constructing surfacelight [81, 129 and
re°ectance[23, 73, 87] elds. We will revisit thosein Section5.

2 Object Mo deling from Shape Cues

Sincecortour rotoscopingis acommonoperationin modern Im and televisionproduction
pipelines, and commercial padkagesare available to smaller-scalecortent creators, the
visual hulls brie°y discussedn Sectionl.1arean attractiv e meansfor capturing the overall
structure of surfacemodels in many applications, especially when usedin combination
with texture mapping. We introducedin [109 a method for automatically acquiring 3D
modelsfrom objects' silhouettesfoundin a fewregisteredphotographs,wherea polyhedral
visual hull is usedto construct a smooth triangular spline surface,which is then deformed
until it is tangert to all viewing cones. Although this method gives satisfactory results,
it requirescomputationally expensive and possibly fragile algorithms for computing the
intersection of polyhedral solids, as well as precisecalibration data for all input cameras.

We propose here a new extension of the visual hull, the projective visual hull, which
consistsof two graphical structures, dubbed the rim meshand visual hull mesh[63, 64,
and can be constructed directly from weakly-calibrated image data, without any explicit
3D reconstruction or preciseknowledgeof the cameras'positions or intrinsic parameters
(see[76, 77] for related work). Let us de ne the occluding contour, or rim asthe curve
where the viewing cone assaiated with an object's silhouette grazesits surface(Figure
1). The rim meshis a boundary represemation of the surface:Its verticesare the frontier
points [15, 98 whererims assaiated with two imagesintersect;its arcsare the occluding
cortour branchesjoining successig pairs of frontier points along the samerim, and its
facesare the surfacepatchesdelimited by thesecurves. Likewise,the visual hull meshis
a boundary represemation of the visual hull: Its facesare the parts of the viewing cone
surfacesjcalled strips becausethey bound the regionsof spacewherethe correspnding
rim branches may lie[that actually belongto the visual hull; its vertices are frontier
points (where two strips cross)and triple points (where three viewing conesintersect),
and its edgesare intersection curve segmets betweenconsecutie vertices.

The key insight is that both the rim and visual hull meshesare actually projective
structures|that is, their topology is invariant under projective transformations. Intu-
itiv ely, this is simply due to the fact that thesetransformations presene the incidence
relationship and order of cortact between rays and surfaces. In particular, graphical
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intersection cur

Figure 1: Left: A solid obsened by two cameras. The two rims intersect at the frontier point
with the intersection curves of the two viewing cones. The facesof the visual hull form strips
enclosingthe rim arcs.

descriptions of the two meshescan in principle be constructed directly from image in-
formation when the epipolar geometry is known: As shown in [64], the 1-skeleton of
the rim mesh|that is, the graph formed by its vertices (frontier points) and edges(rim
arcs)|can befound by computing the (image) frontier points asthe placeswheretangert
epipolar rays grazethe corntour [15, 98], then inserting thesepoints in the correct order
alongthe cortour. We focusherein the construction of the visual hull mesh[63, 65. Its
1-skeleton can be constructed using transfer to trace the projection of the intersection
curvesof the viewing conesinto the input images,and inserting frontier and triple points
as vertices along the cortour and the intersection curves. Although point insertion and
the subsequenconstruction of the facesof the visual hull meshare relatively simple when
Euclidean calibration information is available, theseprocessesequire orienting matching
epipolar lines in a consisten way and identifying the corvex and concave parts of the
cortour [63, 64]. Unfortunately, neither of thesenotions makessensen the usual cortext
of projective geometry This has prompted us to investigate oriented projective geometry
[107. Recall that an ordinary projective spaceis the quotient of a vector spaceunder
the equivalencerelation de ned by u ¥ v when there exists somenonzeroscalar, suc
that v = ,u [7]. In cortrast, an oriented projective spaceis the quotient of a vector
spaceunder the equivalencerelation u ¥4 v when there exists somepositive scalar, sud
that v = ,u [107. Line orientation and corvexity can be given proper de nitions in
this setting, that can alsobe usedin projective motion analysisto distinguish valid point
reconstructionslying in front of the camerasfrom incorrect oneslying behind at leastone
of the cameras[43, 62].
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An additional ditculty in our caseis the necessi of de ning a local criterion for
convexity [63. In the Euclideancase,sud a criterion is that the curvature at a point be
positive. Curvature is not de ned in (oriented) projective geometry which has prompted
us to investigate di®erential oriented projective geometry [60]. Brie°y, it turns out that
a di®erenial oriented projective invariant, akin to curvature, can be properly de ned
in terms of rst and secondderivatives of a curve parameterization. Its value itself is
meaninglessput its sign determineswhether the curve is locally corvex or concave at a
point. Likewise,anotherinvariant (akin but of coursenot idertical to Gaussiancurvature)
can be de ned for surfaces,and usedto determine whether a surface patch is locally
convex, concarem or saddle-shapd. Armed with theseinvariants, it is possibleto prove
the following result [63, 65]:

Prop osition 1 A convex(resp. convave,in®ection) point on the apparent contour of a
smath solid is the projection of a convex(resp. hypertolic, paratolic) point on the rim of
its surfae (Figure 2).

o<

Figure 2: A smooth solid and its perspective projection. The rim is the solid curve drawn on
the surface. The apparert contour is the boundary of the projection. The dashedcurve is the
locus of the parabolic points, or paratolic curve. The rim points X, Y, and Z are respectively
cornvex, hyperbolic, and parabolic, and their imagesx, y, and z are respectively corvex, concave,
and in°ection points of the contour.

This proposition was originally proven by Koenderink [56] using Euclidean concepts
sud asthe curvature of plane curvesand the Gaussiancurvature of surfaces.In cortrast,
the elemettary proof presened in [63, 65 is purely projective. Other classicalresults
can also be generalizedto the projective setting: For example (with proper orientations
chosenfor all objectsinvolved), it is easyto shav [63, 65| that a courterclockwise change
in viewpoint in the tangert planeat a surfacepoint X will causethe rim tangert to rotate
courterclockwise when X is elliptic, and clockwise whenit is hyperbolic (Figure 3). The
following result is a corollary of this fact and Proposition 1 [63, 65].
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Figure 3: Relative orientation of rims and camera certers for an elliptic point (left), and a
hyperbolic point (right).

Prop osition 2 It is possibleto determinethe relative orientation of the two rim branches
intersecting at a frontier point from imageinformation alone|namely, fromthe rst and
second derivatives of some parameterization of the visual contour at the image of the
frontier point, and from the orientation of the correspnding epipolar tangents.

With this proposition, it is possibleto designa line-sweep algorithm for tracing the
intersection curves and nding the frontier and triple points, correctly inserting these
points along the cortours and intersection curves, and determining the facesof the rim
and visual hull meshes[63]. Figure 4 shaws the results of a preliminary experimert,
where silhouettes extracted by hand from 11 moderate-resolution (4 Mpixels) images,
kindly provided by S. Sullivan and Industrial Light & Magic, have beenusedto construct
the visual hull of a person.

3 Object Mo deling from Texture Cues

The approad describedin the previoussectionrelieson shape information aloneto create
3D models of rigid objects. In this section, we conmbine geometrywith texture informa-
tion in the modeling process. We use an implemertation of the atne-invariant region
detector proposedby Mikolajczyk and Scmid [80] to capture local appearanceinfor-
mation (seeLindeberg and Garding [67, 68| for related work). In this approad, the
dependencyof an image patch's appearanceon atne transformations is eliminated by
an iterativ e recti cation processusing (a) the second-momen matrix computed in the
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(b)
Figure 4: Projective visual hulls: (a) Sample pictures and silhouettes in the sequence(note
that there are holesin the secondsilhouette); (b) the 1-skeleton of the visual hull mesh;(c) a
triangulation of the visual hull mesh;(d) two texture-mapped views of this triangulation.

neighborhood of a point to normalize the shape of the correspnding image patch in an
atne-invariant manner; (b) the local extrema of the normalized Laplacian over scaleto
determinethe characteristic scaleof the local brightnesspattern; and (c) an atne-adapted
Harris detectorto determinethe patch location. The output of the atne-invariant region
detection/recti cation processis a set of image patchesin the shape of ellipses,together
with the (axne) transformation mapping theseellipsesonto a unit circle certered at the
origin. This transformation is only de ned up to a rotational ambiguity (this is intuitiv e-
ly obvious sincea planar atne transformation is de ned by six independert parameters
but an ellipseis only de ned by v e parameters). We useimage gradiert information to
eliminate this ambiguity. This allows us to turn the shape of an atne-invariant patch
from an ellipseto a parallelogram,and to determinethe six degreesf freedomof an atne
rectifying transformationsR that mapsthis correspnding parallelogramonto a square
with unit edgehalf-length certered at the origin (Figure 5).

The recti ed patch is a normalized represemation of the local surfaceappearancethat
is invariant under planar atne transformations. We will assumefrom now on an atne|
that is, orthographic, weak-perspective, or paraperspective|pro jection model. Underthis
model, our normalized appearancerepresetation is invariant under arbitrary changesin
viewpoint. For Lambertian patchesand distant light sourcesjt canalsobe madeinvariant
to changesin illumination (ignoring shadavs) by subtracting the mean patch intensity
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(C) Image
Figure 5: Atne-in variant patches: (a) Sampleimage and its patches;(b) the patch normaliza-

tion processand its (two-dimensional) geometric interpretation; (c) a three-dimensionalinter-
pretation of this process.

from ead pixel value and normalizing the sum of squaredintensity valuesto one (or
equivalertly using normalized correlation to comparepatches).

The rectifying transformation assaiated with a planar patch and its inversecanbe rep-
reserted by two 2£ 3 matricesR and S that map homogeneougatne) plane coordinates
onto non-homogeneou®nes (Figure 5[b]). These transformations play a fundamertal
role in the rest of this section. Let us rst note that the columnsvectors of the matrix
S admit a simple geometricinterpretation: Sincethey are respectively the imagesof the
vectors(1;0;0)", (0;1;0)", and (0;0; 1)" under that mapping, the third columnc of S is
the (non-homogeneousgoordinate vector of the patch certer ¢, and its rst two columns
h and v are respectively the (non-homogeneousgoordinate vectors of the \horizontal"
and \v ertical" vectorsjoining c to the sidesof the patch. Thesetwo vectorscan also be
interpreted as the positions of the points, dubbed normalized side points in the sequel,
where the \horizontal" and \v ertical” axesof a copy of the image patch placed at the
origin pierceits right and top side. The secondkey (and new) insight is that a recti ed
patch canalsobe thought of asa ctitious view of the original surfacepatch (Figure 5[c]),
and the inversemapping S canthus be decompsedinto an inverse projection N [27] that
maps the recti ed patch onto the correspnding surfacepatch, followed by a projection
M that mapsthat patch onto its (true) image projection, i.e., S = MN . Note that in
the atne projection setting chosenhere, we can write

B #

M =[A Db] and N = 0:0:1)
where A and B are respectively 2£ 3 and 3£ 3 matrices, and b is a vector in IR>.2 The
columnsof the matrix B admit a geometricinterpretation related to that of the matrix S:

2This is an a+ne instance of the characterization of homographiesinduced by planesgivenin Faugeras,
Luong and Papadopoulo [27, Prop. 5.1].
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Namely, the rst two are the (non-homogeneousoordinate vectors of the \horizontal"
and \v ertical" axesof the surface patch, and the third one is the (non-homogeneous)
coordinate vector of its certer C.

In particular (and not surprisingly), a match betweenm , 2 imagesof the sameazne-
invariant patchescortains exactlythe sameinformation asa match betweenm triples of
points. It isthusclearthat all the madhinery of structure from motion from point matches
[27, 44,117 canbe exploitedin modeling tasks,the multi-view constrairts assaiated with
the matrix S providing auni ed and corveniert represemation for all stagesof the process.
In particular, let us assumethat we are given n patchesobsered in m images,together

and | serving respectively as image and patch indices). Following Tomasiand Kanade
[117, we cantake the certer of massof the obsened patches' certers asthe origin of the
world coordinate system,and the certer of massof thesepoints' projections asthe origin
of every image coordinate system. In this case,the vectorsb; are equalto zero,and we
have S; = A;B;j, or equivalertly,

2
Si1 o S

2

n A

S=AB; where §d:ef§::: S :?:E;A\‘j:efg Elé;andlé\dzef[Bl 2 Bl
Smi . Swn Am

In particular, S hasat most rank 3, a fact that can be usedas a matching constrairt
when at leasttwo matchesare visible in at leasttwo views. Alternativ ely, singular value
decompsition can be used as in Tomasi and Kanade [117] to factor S and compute
estimates of the matrices A and B that minimize the squared Frobenius norm of the
matrix S j AB. The normalized (residual) norm j$ j A\B\j:p 3mn of this matrix can
be interpreted geometrically as the root mean squareddistance betweenthe certer and
normalizedsidepoints of the patchesobsenedin the image,andthe certer and normalized
side points predicted from the recovered matrices A" and B. Again, two views of two
matchesare suxcient to bring this constrairnt to bear on the matching process.

Image matching requirestwo key ingredierts: (a) A measureof appearancesimilarity
betweentwo imagesof the samepatch, and (b) a measureof geometricconsistencybetween
n matchesM,, :::, M, establishedacrossm images(a match is an m-tuple of image
patches). For the former we usenormalizedcorrelation betweenrecti ed patches. For the
latter, we usethe method descrited in the previoussectionto estimate (whenm;n ;| 2)

consistencyamongmatches. In our current implemertation, we only match patchesacross
pairs of images(m = 2), and follow a strategy similar to that usedin the range data
domain by Johnsonand Hebert [51]with spinimages Givena patch in oneimage,we rst
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selectits most promising matchesin the secondimagebasedon normalizedcorrelation of
the recti ed patches. We then discardthe matchesM sud that the number of consisten
matchesM © (i.e., matchessud that d(M; M9 is lessthan somepresetthreshold) is less
than some xed percerage of the total number of candidate matches. At this point, we
‘nd groupsof consisteth matchesasfollows: For ead oneof the surviving p < n matches,
we initialize the group G to that match M, we then 'nd the match M ° minimizing

is small enough,we add M°to G and cortinue. This results in the construction of p
groups. Finally, we discard the smallestgroups, and the remaining matchesare judged
to be correct.

The proposed matching strategy can be usedin modeling tasks to match successig
pairs of views of the sameobject. When someof the patchesare only obsenedin someof
the frames(the usual case),the data can be split into overlapping blocks of two or more
frames,usingall the patchesvisible in all imagesof the sameblock to run the factorization
technique, then using the points commonto overlapping blocks to registerthe successig
reconstructionsin a commonframe. In principle, it is sutcient to have blocks that overlap
by four points. Onceall blocks areregistered,the initial estimatesof the variablesM ; and
N; canbe re ned through a few non-linear least-squaresterations. When three or more
views are available, it is then a simple matter to compute the corresppnding Euclidean
weak-perspective projection matrices (assumingthe aspect-ratios are known) and recover
the Euclidean structure of the sceng[91, 95, 117, 126. Figure 6 shows a photograph of a
teddy bear and the Euclidean model reconstructedfrom 14 imagesincluding that one.

(@) (b)

Figure 6: An object modeling experiment [99]: (a) one of the 15 input photographs, and (b)
three views of the reconstructed model. Note that the photographs are taken from viewpoints
that are too far apart for convertional correlation-basedstereoto work.

Patch-basedmodelslike the oneshown in Figure 6 are too rough for direct usein com-
puter graphicsapplications. They are, on the other hand, suxcient for object recognition
purposes.asdemonstratedby Figure 7 [99. We will brie°y addressin Section5 the prob-
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lem of combining this type of surfacerepresemation with visual hulls and SFM techniques
to construct more realistic models.

Figure 7: Object recognition experiments [99]: (top) a photograph with the patches matched
to the bear model overlaid, and this model in its estimated pose;and (bottom) recognition of a
salt can and a plastic rubble stand model.

4 Object Mo deling from Motion Cues

The approadesproposedin the previoussectionsare limited to cortrolled settingswhere
a xed setof camerascapture a few snapshotsof a scene.This sectionaddresseshe more
general(and challenging) caseof dynamicimagesequencesln this cortext, we will exploit
the signi cant advancesin motion analysisthat have taken placein the past ten years
[44, 27]. Keysto this progresshave beenthe emergencef reliable interest-point detectors
[41, 8(] and feature trackers [69, 117, 11§; a shift from methods relying on a minimum
number of images[124 to techniquesusing a large number of images[93,117, 11§; and a
vastly improved understandingof the geometric,statistical and numerical issuesinvolved
[28, 29, 45, 46, 44, 49, 57, 72, 93, 103 105 117, 118 127.

Concretely let us considerm perspective cameraswith projection matricesM ; (i =
1;::;m) observingn xed points with homogeneousoordinate vectorsP; (j = 1;::;n).
We assumethat point correspndenceshave beenestablishedand addressin this section
the classicalSFM problemof recovering both the matricesM ; andthe vectorsP ; from the
image positions p; of the point projections. This is a least-squaregproblem that can be
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expressedisthe minimization of E; = P i 1P i %M iPjj20orE, = P 4 1Zi Py i MiPjj?
with respect to the parametersz; , M ; and P, wherez; is the depth of point number j
relative to cameranumber i. The error E; measureghe meansquareddistance between
obsened and predicted image points, but its minimization involvesthe use of iterative
non-linear least-squaregechniques (bunde adjustmen), with a cost of O((m + n)3) per
iteration (more excient techniquesare available in sparsecasesj.e., whenm ¢ norn ¢
m [44]). Herewe proposeinsteadto minimize E,, which is not geometricallyas satisfying
but will prove computationally corveniert. This requiresimposing someconstrairt on
the unknowns sinceE, admits a trivial zerofor M ; = 0, P; = O and z; = 0 otherwise.
Another expressionfor E, is obtained by introducing the data matrix [108 117:

0 1 0 1
Z11Py1 - ZinPan

d:ef% ST TSR §=MP whereM dzef%:::l§a”dpd:ef(Pl;:::;P”):

Zm1iPm1 -+ ZmnPmn Ivlm

It follows immediately that E, = jD j MP j?, where\j j" denotesthe Frobenius norm.
Minimizing E; is thus equivalert to nding the parametersz; , M and P that minimize
the Frobenius norm of the di®erencebetweenD and MP . Sturm and Triggs [108 119
have proposed constraining the columns of D to have unit norm and minimizing E,
by alternating stepswhereM and P are estimated using singular value decomposition
with stepswherethe columnsof D are renormalizedand usedto compute the projective
depths z; . Although this method gives good results in practice, there is no guarartee
that it will corverge becauseof the column renormalization step. This has motivated
Mahamud and Hebert [74]to proposea variant wherethe minimization is doneunder the
constrairt that the vectors(z; ;::; zm ) (Wherej = 1;::;n) have unit norm, which avoids
the renormalization step and reducesminimization to a seriesof factorization stepsmixed
with the resolutionof eigervalue problems. It is then easyto show that the error decreases
at ead step of the iterative process,and it is in fact possibleto shav that the method
actually corvergesto a local minimum [75, 89] although the proof is much more ditcult
and involvesthe global corvergencetheorem (GCT) from [70].

Here we proposeto minimize E, under the constraint = ; jM iP;j? = 1[75. Writing
that the derivative of E, with respectto z; is zeroat onePof its minima can be usedto
eliminate this variable and shaw that, at aminimum, E; = jp; £ (M iP)j?, wherethe
vectorsp; have beennormalizedasa preprocessingstep. In particular, E; is proportional
to the mean squarednorm of vectorsthat dependon M ; and P in a bilinear fashion.
Thusit canbe minimized by alternating stepswhereM is xed and P is estimatedusing
homogeneoudinear least squareswith stepswhereP is xed and M is estimated using
homogeneougeast squares(see[13, 40, 83 for related work). It is easyto show that the
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error decreasesit eat step of the iterative process,and it is in fact possibleto shav that
the method actually corvergesto a local minimum [75] using onceagainthe GCT. Figure
8(a) usesreal data to compare the proposed method with the Sturm-Triggs iterative
factorization algorithm [108 119, its provably-corvergert variant proposedby Mahamud
and Hebert [74], and the Morris implemertation of non-linear bundle adjustmert [84].
The gure plots the averageand maximum reprojection errors (in pixels) obtained on a
real imagesequencehat consistsof 20 imagesof 30 points. In this case,10 of the images
have beenusedfor training, and 10 have beenusedfor testing.
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Figure 8(b)-(c) shavs an other experimert with a sequencef 180imagesthat cortain
a total of 411 points. Not all the points are visible in all frames (Figure 8[b,top]). We
have split the data in consecutiwe blocks of 30 frameswith a 5-frame overlap, and used
the Tomasi-Kanademethod in the full rectangle of ead block (Figure 8[b,bottom]) to
compute an atne reconstruction of the scene.The successig reconstructionshave been
registeredand usedas input to the bilinear and bundle-adjustmen methods. As shovn
by Figure 8(c), the initial errors are much larger in this case,and it takesthe bilinear
algorithm about 20 iterations to read sub-pixel mean error, as opposedto 4 iterations
for bundle adjustmert. Although comparing the speed of the two implemertations is a
bit like comparingapplesand orangesit is worth noting that the bilinear algorithm takes
4 minutesto cornvergeon this data, while bundle adjustmert takesthree hours. Thusthe
low costof bilinear iterations greatly outweighsthe fast corvergenceof bundle adjustmert.

Projective scenereconstructionsare not directly suitable for imagesynthesis: They rst
needto be \upgraded” to metric reconstructions using self-calibration techniques [30,
78, 93, 121], or equivalertly, by computing an appropriate projective transformation.
We have recently introduced a quasi-linearapproad [95 to metric reconstruction from
uncalibrated imagesunder minimal assumptionsthat are true for most real cameras(i.e.,
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rectangular pixels and/or known aspect ratio [48, 92]). This method is basedon a novel
characterization of metric upgradesfrom zero skew matrices. It is well known [29] that a
3£ 4matrix M represets a zero-skew camerawhen (rh 1 £ i 3) ¢(rfh , £ i 3) = 0, where
(rh|:m;,) denotesthe i™ row of M’ (i = 1;2;3). If m[ (i = 1;2;3) and q (0 =1234)
are 4-vectorsdenoting respectively the rows of the projection matrix M and the columns
of the metric upgradematrix Q, we have usedline geometryto prove in [95] the following
result.

Prop osition 3 Givena projection matrix M and a projective transformation Q, a neces-
sary and suzcient condition for the matrix M = MQ to satisfy the zel-skewconstraint
isthat, TRTR® = 0, whee R is the 6£ 3 matrix (0, 0s;95" 41,9 0,),, = M1 M3
1 = my” ms, and\"" denotesthe exterior product that ass@iates with two points the
vector of PlAcker coordinates of the line passingthroughthem.

This result can be usedto decompsethe estimation of Q into (a) the computation of
the matrix RTR using homogeneousinear least squares,(b) the estimation of R using
a new algorithm for computing the best estimate of the squareroot of a non-necessarily
positive symmetric matrix, and (c) the computation of Q using onceagain homogeneous
linear leastsquareg63, 65]. Figure 9 shaws preliminary results obtained with a 39-frame
sequenceof teddy bear images. A total of 4389 points visible in all framesare tracked
automatically in this sequencausing S. Birch eld's KLT implemertation of the Kanade-
Lucas-Tomasitracker [69, 11§.

5 Discussion

We plan to integrate the three approadiesto 3D photograpty preserted in this paper into

a systemcapableof acquiring realistic visual models of complexobjects from photographs
and video sequencesProjective visual hulls will be usedprimarily in cortrolled situations
whereblue-screenechnologycanbe usedto delineateobjects’ silhouettes. For sceneswith

complex badkgrounds, we will rely on atne-invariant patch matching, feature tracking,

and motion segmetation to separateobjects of interest from their badkground. Let us
concludeby sketching a few researt directions that we intend to follow aswe pursueour
integration e®orts.

Pro jectiv e visual hulls. As demonstratedby Figure 4, texture-mapped pictures of
visual hulls constructedfrom a few photographsare reasonablyrealistic, but their visual
guality degradesasthe virtual cameramovesaway from the real ones(this is particularly
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(a) (b)

(©) (d)
Figure 9: Object modeling from motion cues: (a) two views of the projective reconstruction
of the teddy bear; (b) the corresponding Euclidean reconstruction; (c) its triangulation induced
by the Delaunay triangulation of one of the input images' features; (d) texture-mapped views
of this triangulation.

noticeable for the bad of the shirt in the last view). Various methods can be usedto
remedy this problem. The simplest one is to interpolate the colors assaiated with all
camerasobservingead vertex of the mesh[24, 76, 77, 97]. A more accurate alternative
is to add geometricdetail to the raw visual hull. Classicalstereoalgorithms [25, 82, 86]
cannot be usedin this cortext becausethe input camerasare too far apart for normal-
ized cross-correlationto return meaningful information. Howewer, it is possibleto take
advantage of the rough surfacemodel provided by the visual hull to reproject all input
pictures in one referenceimage: This is an instance of the stereo-from-shag approadh
proposedby Debewvec et al. [24], where the ray assaiated with a referenceimage pixel
is rst intersectedwith the model surfacebefore being reprojected into an o®setimage.
In practice, this zeroesout the wide-baselinedisparities, allowing once again the use of
correlation techniquesto reveal ne surfacedetail. This ideais illustrated by Figure 10,
where three of the pictures usedto model a squashhave beenreprojected into the rst
image. Note the similarity betweenthese pictures in their region of overlap, except (as
could have beenexpected)in the neighborhood of specularities. In this setting, rim points
play a particular role: They arethe only surfacepoints that belongto the boundary of the
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visual hull. Accordingly, the disparity assaiated with ead image reprojection must be
zeroalongthe occluding cortours, and thesecurvescan be found by a global optimization
processmaximizing correlation under the constrairts of zero disparity and cortainment
within the asseiated strips. We plan to implemert a two-stepprocesswherethe rims are
found rst, and usedto anchor the subsequen stereo-from-shap process.

Figure 10: Three imagesof a squash,and their model-basedreprojection into the rst image;
note how the specularities appear in di®eren placesin the three images.

Atne-in variant patches. When camerasare strongly calibrated, the projection ma-
trices are known, and a single match betweentwo atne-invariant patches provides 12
constrairts (corresponding to the ertries of the two matricesS; and S;) in 11 unknowns
(the 9 entries of B and the depths of the patch relative to the two cameras). Combining
this constraint with the known epipolar geometry allows the independer veri cation of
individual matchesin wide-baselinesituations (Figure 11). This complemeits the stereo-
from-shape approad to adding geometricdetail to visual hulls. Conversely visual hulls
can be usedto discard incorrect matchesbetween patcheswhoseprojections fall outside
the input silhouettes.

Figure 11: Using axne-invariant patchesfor wide-baselinecalibrated stereo. The matchesfound
are indicated by lines joining corresponding features, and they are all correct in this example.
We have only retained the atne-invariant patcheswith highest Harris responsein this example,
resulting in a sparseset of matches. A much larger set of patcheswould of coursebe usedin
actual applications.

When the camerasare not calibrated, the techniques descrited in Section 3 can be
usedto match successig images, (weakly) calibrate the cameras,and use the matches
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found to add onceagain geometricdetail to the visual hull. Perhapsmore interestingly,
axne-invariant patchesshould prove usefulin modeling articulated objects from image
sequence$6, 11, 26]: Indeed, the geometricconsistencyconstrairts derived in Section 3
will also hold for the rigid parts of an articulated object. Se\eral recen algorithms for
motion segmetation alsorely on atne SFM constrairts to nd groupsof rigidly-moving
points in image sequenceg9, 20, 33. Howewer, these techniques explicitly seart for
a permutation of the scenepoints producing geometrically consistem groups, and their
high combinatorial cost haslimited their practical applicability. They also assumethat
feature correspndenceshave already been establishedthrough tracking. In cortrast,
the matching strategy proposedin Section 3 is computationally excient and it exploits
geometricconsistencyconstrairts during the matching processitself. Figure 12 shows a
preliminary experimert wherethe patchesfound in two pictures of an articulated object
have beenmatched.

Figure 12: Two pictures of a glasses'case,completely open and just half open, with matchesindicated
by lines between corresponding features.

Structure from motion. Unlike atne or projective factorization methods [74, 108
117, the bilinear algorithm proposedin Section4 doesnot requireall featuresto be presert
in all images(sparsedata). In addition, its cost per iteration is only O(mn) asopposedto
O(mn min(3m; n)) for factorization techniquesand O((m + n)3) for bundle adjustmert.
Our bilinear algorithm is a constrainedoptimization techniguethat alternatesstepswhere
motion parametersare held constant with stepswherestructure parametersare held con-
stant to solve a hom@en®usleast-squareproblem. In the non-hom@en®uscase,it has
beenshawn that a similar alternation [12( schemecalledNIPALS [128 hasthe quadratic
convergencerate of Gauss-Newtonand other non-linear least-squaregechniquesusedin
bundle adjustmernt for densedata, but only linear corvergencen the caseof sparsedata
[100. This is exactly the behavior obsenedin Figure 8. In the non-homogeneousase al-
gorithms that achieve a tradeo®betweenthe NIPALS and Gauss-Newtonschemes|with

relatively low cost per iteration, yet near-quadratic corvergenceon sparsedatalha ve
beenproposed[10]. We plan to adapt the sameidea to our homogeneousetting by
deweloping a variant of sequetial quadratic programming [47] that decoupleshe motion
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and structure parametersto achieve both computational exciency and fast cornvergence.
Finally, handling sparsedata requiresthe discovery of a\good" set of overlapping blocks
of framesand points in the correspnding image sequenceThis can be formalized asthe
computation of a covering of an interval graph by (maximum) cliques. Clique problem-
s are NP-completein general[19], but simple and excient algorithms are available for
interval graphs[39. We plan to apply thesealgorithms to the initial atne registration
phaseof the projective SFM technique proposedin Section4.
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